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Outline

♦ Best-first search

♦ A∗ search

♦ Heuristics
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B est-fi rst sea rch

Idea: use an evaluation fun ction for each n ode
– estim ate of “desirability”

⇒ E xpan d m ost desirable un expan ded n ode

Im plem en tation :
fringe is a q ueue sorted in decreasin g order of desirability

S pecial cases:
g reedy search
A∗ search
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R o m a nia w ith step c o sts in k m

Bucharest

Giurgiu

Urziceni

Hirsova

Eforie

Neamt
Oradea

Zerind

Arad

Timisoara

Lugoj
Mehadia

Dobreta
Craiova

Sibiu

Fagaras

Pitesti
Rimnicu Vilcea

Vaslui

Iasi

Straight−line distance
to Bucharest

 0

160

242

161

77

151

241

366

193

178

253

329

80

199

244

380

226

234

374

98

Giurgiu

Urziceni
Hirsova
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Neamt
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Zerind

Arad
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Lugoj

Mehadia

Dobreta

Craiova

Sibiu Fagaras

Pitesti

Vaslui

Iasi

Rimnicu Vilcea

Bucharest

71

75

118

111

70

75

120

151

140

99

80

97

101

211

138

146 85

90

98

142

92

87

86
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G reed y sea rch

E v aluation fun ction h(n) (heuristic)
= estim ate of cost from n to the closest g oal

E .g ., hSLD(n) = straig ht-lin e distan ce from n to Bucharest

G reedy search expan ds the n ode that a p p e a rs to be closest to g oal
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G reed y sea rch ex a m p le

Arad

366
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G reed y sea rch ex a m p le

Zerind

Arad

Sibiu Timisoara

253 329 374
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G reed y sea rch ex a m p le

Rimnicu Vilcea

Zerind

Arad

Sibiu

Arad Fagaras Oradea

Timisoara

329 374

366 176 380 193
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G reed y sea rch ex a m p le

Rimnicu Vilcea

Zerind

Arad

Sibiu

Arad Fagaras Oradea

Timisoara

Sibiu Bucharest

329 374

366 380 193

253 0
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P ro p erties o f g reed y sea rch

C om plete? ?
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P ro p erties o f g reed y sea rch

C om plete? ? N o–can g et stuck in loops, e.g ., with O radea as g oal,
Iasi → N eam t → Iasi → N eam t →

C om plete in fin ite space with repeated-state check in g

Tim e? ?
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P ro p erties o f g reed y sea rch

C om plete? ? N o–can g et stuck in loops, e.g .,
Iasi → N eam t → Iasi → N eam t →

C om plete in fin ite space with repeated-state check in g
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S pace? ?
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P ro p erties o f g reed y sea rch

C om plete? ? N o–can g et stuck in loops, e.g .,
Iasi → N eam t → Iasi → N eam t →

C om plete in fin ite space with repeated-state check in g

Tim e? ? O(bm), but a g ood heuristic can g iv e dram atic im provem en t

S pace? ? O(bm)— k eeps all n odes in m em ory

O ptim al? ? N o
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A∗ sea rch

Idea: avoid expan din g paths that are already expen siv e

E valuation fun ction f(n) = g(n) + h(n)

g(n) = cost so far to reach n

h(n) = estim ated cost to g oal from n

f(n) = estim ated total cost of path throug h n to g oal

A∗ search uses an adm issible heuristic
i.e., h(n) ≤ h∗(n) where h∗(n) is the tru e cost from n.
(Also req uire h(n) ≥ 0, so h(G) = 0 for an y g oal G.)

E .g ., hSLD(n) n ev er overestim ates the actual road distan ce

Theorem : A∗ search is optim al
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A∗ sea rch ex a m p le

Arad

366=0+366

Chapter 4, Sections 1–2 17



A∗ sea rch ex a m p le

Zerind

Arad

Sibiu Timisoara

447=118+329 449=75+374393=140+253
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A∗ sea rch ex a m p le

Zerind

Arad

Sibiu

Arad

Timisoara

Rimnicu VilceaFagaras Oradea

447=118+329 449=75+374

646=280+366 413=220+193415=239+176 671=291+380
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A∗ sea rch ex a m p le

Zerind

Arad

Sibiu

Arad

Timisoara

Fagaras Oradea

447=118+329 449=75+374

646=280+366 415=239+176

Rimnicu Vilcea

Craiova Pitesti Sibiu

526=366+160 553=300+253417=317+100

671=291+380
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A∗ sea rch ex a m p le

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253417=317+100

671=291+380
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A∗ sea rch ex a m p le

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

Bucharest Craiova Rimnicu Vilcea

418=418+0

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253

615=455+160 607=414+193

671=291+380
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Op tim a lity o f A∗ (sta nd a rd p ro o f)

S uppose som e suboptim al g oal G2 has been g en erated an d is in the q ueue.
L et n be an un expan ded n ode on a shortest path to an optim al g oal G1.

G

n

G
2

Start

f(G2) = g(G2) sin c e h(G2) = 0

> g(G1) sin c e G2 is su b o p tim a l

≥ f(n) sin c e h is a d m issib le

S in ce f(G2) > f(n), A∗ will n ev er select G2 for expan sion
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Op tim a lity o f A∗ (m o re useful)

L em m a: A∗ expan ds n odes in order of in creasin g f v alue∗

G radually adds “f -con tours” of n odes (cf. breadth-first adds layers)
C on tour i has all n odes with f = fi, where fi < fi+ 1

O

Z

A

T

L

M

D

C

R

F

P

G

B

U

H

E

V

I

N

380

400

420

S
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P ro p erties o f A∗

C om plete? ?
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P ro p erties o f A∗

C om plete? ? Yes, un less there are in fin itely m an y n odes with f ≤ f(G)

Tim e? ?
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P ro p erties o f A∗

C om plete? ? Yes, un less there are in fin itely m an y n odes with f ≤ f(G)

Tim e? ? E xpon en tial in [relativ e error in h × len g th of soln .]

S pace? ?
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P ro p erties o f A∗

C om plete? ? Yes, un less there are in fin itely m an y n odes with f ≤ f(G)

Tim e? ? E xpon en tial in [relativ e error in h × len g th of soln .]

S pace? ? K eeps all n odes in m em ory

O ptim al? ?
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P ro p erties o f A∗

C om plete? ? Yes, un less there are in fin itely m an y n odes with f ≤ f(G)

Tim e? ? E xpon en tial in [relativ e error in h × len g th of soln .]

S pace? ? K eeps all n odes in m em ory

O ptim al? ? Yes— can n ot expan d fi+ 1 un til fi is fin ished

A∗ expan ds all n odes with f(n) < C∗

A∗ expan ds som e n odes with f(n) = C∗

A∗ expan ds n o n odes with f(n) > C∗
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P ro o f o f lem m a : C o nsistency

A heuristic is con sisten t if

n

c(n,a,n’)

h(n’)

h(n)

G

n’

h(n) ≤ c(n, a , n′) + h(n′)

If h is con sisten t, we have

f(n′) = g(n′) + h(n′)

= g(n) + c(n, a , n′) + h(n′)

≥ g(n) + h(n)

= f(n)

I.e., f(n) is n on decreasin g alon g an y path.
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Ad m issib le heuristic s

E .g ., for the 8 -puzzle:

h1(n) = n um ber of m isplaced tiles
h2(n) = total M an hattan distan ce

(i.e., n o. of sq uares from desired location of each tile)

2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

h1(S) =? ?
h2(S) =? ?
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Ad m issib le heuristic s

E .g ., for the 8 -puzzle:

h1(n) = n um ber of m isplaced tiles
h2(n) = total M an hattan distan ce

(i.e., n o. of sq uares from desired location of each tile)

2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

h1(S) =? ? 6
h2(S) =? ? 4 + 0 + 3 + 3 + 1 + 0 + 2 + 1 = 1 4
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D o m ina nce

If h2(n) ≥ h1(n) for all n (both adm issible)
then h2 dom in ates h1 an d is better for search

Typical search costs:

d = 1 4 ID S = 3 ,4 7 3 ,9 4 1 n odes
A∗(h1) = 5 3 9 n odes
A∗(h2) = 1 1 3 n odes

d = 2 4 ID S ≈ 5 4 ,0 0 0 ,0 0 0 ,0 0 0 n odes
A∗(h1) = 3 9 ,1 3 5 n odes
A∗(h2) = 1 ,64 1 n odes

G iv en an y adm issible heuristics ha, hb,

h(n) = m a x (ha(n), hb(n))

is also adm issible an d dom in ates ha, hb
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R ela x ed p ro b lem s

Adm issible heuristics can be deriv ed from the e x a c t

solution cost of a re la x e d v ersion of the problem

If the rules of the 8 -puzzle are relaxed so that a tile can m ove a n yw he re ,
then h1(n) g iv es the shortest solution

If the rules are relaxed so that a tile can m ove to a n y a d ja c e n t sq u a re ,
then h2(n) g iv es the shortest solution

K ey poin t: the optim al solution cost of a relaxed problem
is n o g reater than the optim al solution cost of the real problem
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R ela x ed p ro b lem s c o ntd .

Well-k n own exam ple: trav ellin g salesperson problem (TS P )
F in d the shortest tour v isitin g all cities exactly on ce

M in im um span n in g tree can be com puted in O(n2)
an d is a lower boun d on the shortest (open ) tour
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S um m a ry

Heuristic fun ction s estim ate costs of shortest paths

G ood heuristics can dram atically reduce search cost

G reedy best-first search expan ds lowest h

– in com plete an d n ot always optim al

A∗ search expan ds lowest g + h

– com plete an d optim al
– also optim ally effi cien t (up to tie-break s, for forward search)

Adm issible heuristics can be deriv ed from exact solution of relax ed problem s
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